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«If people do not believe that mathematics is simple, it is
only because they do not realize how complicated life is»
(J von Neumann 1903 - 57)).

Foreword

In the last fifty years, an unprecedented progress in sciences and
technology has led to a better understanding of the universe, our
galaxy, the solar system with its planets and satellites, including our
distinctive planet and moon; but many processes taking place just
beneath our feet remain often at a descriptive stage in spite of
recognisable achievements not only in plate tectonics, but also in
dynamical and structural geology, geomorphology, sedimentology,
metamorphism, volcanology, geophysics, geochemistry, mineralogy,
palaeontology, petroleum and gas geology, geo-thermodynamics,
hydrogeology, geotechnology, geostatistics, and so on. Why has this
delay in explaining geological processes happened? The answer can
be found in the diversity of geological processes which are separately
studied with no common mathematical basis.

An analytic approach of energy transfer in the Earth’s crust implies:
1%, expertise at least in crustal (i) thermodynamics, (ii) electricity and
magnetism, (iif) petrology, mineralogy, hydrogeology, petroleum and
gas mechanics, (iv) gravity, (v) radioactivity, (vi) diffusion and/or
dispersion, and (vii) chemistry;

27 ability to select local cases and models which, despite their
restricted applicability, are essential for an initial rough evaluation and
later calibration of numerical models;

37 discernment in identification of common characteristics and
analogies between different kinds of geological processes that take
place according to the well-established laws of conservation and
transfer of emergy, work-energy theorem, principles of coexisting or
correlating processes including the superposition principle, and so on,
which enable us to simplify, unify and eventually generalise variables,
functions, laws, equations and solutions applicable to many processes;
4™ knowledge and comprehension to formulate a general equation
applicable to several geological processes, specifically the -thermal,



electrical, stereo- or rheo-mechanical, gravitational, radiative,
diffusive or dispersive, and chemical ones;

5™ capability to use classical methods for solving partial differential
equations (such as separation of variables, Laplace transform, Fourier
transforms, Green’s functions, finite difference and finite element
methods) and numerical methods for simulation of other processes
(such as Monte Carlo, stochastic differential equations, artificial
neural network and genetic algorithm methods) for solving the general
equation of geological processes;

6™, aptitude to identify or conceptualise plane-parallel, radial-
cylindrical, radial-spherical, coexistent or correlative, as well as other
processes with appropriate case-studies for solving their equations.

The forms and solutions of the general equation of geological
processes have a wide applicability to many fields of the crustal
investigation, such as: thermometry, metamorphism, volcanology,
electrometry, thermoelectricity, geomechanics, seismology, isostasy,
mechanics of fluids in porous or fissured rocks, gravimetry,
radiometry, diffusivity or dispersivity, underground contamination or
pollution, oxidation or reduction in soils/rocks, geochemistry,
electrochemistry, and others.

As a result of over 40 years of experience in studying, analysing and
deciphering various kinds of geological processes — including those
related to transfer of heat, flow of fluids (water, petroleum, gas),
transport of dissolved compounds, propagation of mechanical stress,
transmission of radiation, spread of chemical reactions in the Earth’s
crust —, the present work includes: ¢ introductory notions of matter
with its states/phases, energy with its forms, natural processes, laws,
theorems and principles; ¢ the generalised equation of geological
processes with its particular forms; ¢ analytical methods of solving
partial differential equations not only for one kind of process, but also
for coexisting geological processes of the same or different natures;
as well as ¢ numerical methods for solving partial differential
equations. All of these are exemplified by 35 case-studies of various
processes with worked examples, 52 figures and 19 tables.

The authors thank Harriet Nash for her help in the preparation of this

book.
The authors



Abbreviations and Symbols

A ampere unit of electrical ¢=AC finite difference of
current chemical concentration

v universal quantifier; for c. (Latin circa) about
all cal calorie unit of the amount

A proportionality constant; of energy needed to rise
elementary area; spatial one gram of water by one
domain; space degree Celsius

An subspace card  cardinality of a set

A coefficient cf. (Latin confer) compare

a=«/o coefficient of const. constant
tI'al’lSl’IliSSiVity Ccos cosine

a generalised change in cosh  hyperbolic cosine
potential cot cotangent

AD  Anno Domini curl  curl operator

ad hoc (Latin meaning “to this”) co density of productivity
for this special purpose c:o-dV productivity: difference

B factor of productivity between input and output

B coefficient of energy in a volume V'

b thickness; height; depth D diffusivity

b scalar D diffusion/dispersion

BC Before Christ potential

C coulomb unit of electric Dy depth in the mantle
charge Di Dirichlet boundary

C curved pass conditions

C constant; coefficient in A=AD finite difference of
general diffusion/dispersion

C chemical concentration potential

C coefficient dA elementary surface ndA

é@ coefficient used for d/idt  total derivative with
operational equation respect to time
leading to a Green’s div divergence operator
function E operator

C,, G coefficients E energy; orbital energy

°«C Celsius unit of Ei exponential integral
temperature function

é productivity of energy Eq equation
per unit capacity EQ.; positive sum-function



ESA

e.g.

erf
erfc

etc.
eV
exp

~y

European Space Agency
base of natural
logarithms; number of
order for the finite
elements

finite difference of
electric potential

(Latin exempli gratia) for
example

error function
complementary error
function

(Latin et cetera) and so on
electron volt
exponential function
farad unit of capacitance
interaction-force
magnitude; generalised
force magnitude;
function

force of reciprocal
attraction between two
bodies

Fourier transform
Fourier sine transform

inverse Fourier sine
transform

force vector

final conditions
Fourier boundary
conditions

function

image function
force deasity

net force

figure

function
gravitational constant
Gibbs free energy
Green’s function

transformed Green’s

an

Hz

In

— e

function

local gravitational
acceleration

gravitational potential
(energy per unit mass)
finite difference of
gravitational potential
gradient operator

henry unit of inductance
rate of radiogenic heat
production per unit mass;
functional in Ritz finite
element method
effective one-electron
Hamiltonian

hertz unit of frequency
quantity equalling the
operator Ey used in finite
element method
rheomechanical
(hydraulic) head, i.e.
mechanical energy

per unit weight

modified Bessel function
of the first kind

V<1 = imaginary square
root of -1; number of
order; position on a
distance increment A =Ax,
or inside an interval
initial conditions

(Latin id est) that is
joule unit of energy
Bessel function of first
kind

number of order; position
on a distance increment 4
=Ax

Kelvin unit of absolute
temperature

modified Bessel function
of the second kind



NHE—U@ > =

NN

~

LIGO

lim

3

= Z

S B

mean permeability
generalised coefficient
of conductivity
kilogram

kilometre

boundary

characteristic length
scale; linear differential
operator for a Green's
function

Laplace transform
inverse Laplace
transform

width

elementary interval of
distance

Laser Interferometer
Gravitational-wave
Observatory

limit of a variable or
function

natural logarithm (to the
base ¢)

decimal logarithm (to the
base 10)

coefficient of function y
the Earth’s mass

metre unit of length
parameter in a
characteristic equation;
mass of a body

unit vector for linear
velocity

newton unit of force
coefficient of the
derivative of function y
with respect to the normal
to an equipotential
surface

number of components
natural number; normal
to an equipotential

S S

NASA

R eYo)

SN

Pa

Q

~ =

BN

surface; number of order
positive integer

unit vector for angular
velocity; position vector
National Aeronautics and
Space Administration
Neumann boundary
conditions

origin

statistical error

number of phases in
thermodynamic
equilibrium

positive sum-function
complex variable used in
Laplace transform

pascal unit of pressure
conductive flux

entity (e.g. mass, charge);
density of conductive
flux

generalised conductive
flux of energy

the set of real numbers
“sources” or “sinks” of
the variable of interest y,
or radial distance from
the centre

function of cylinder
radius

solidification; isotherm
speed

function of sphere radius
rate of flow

positive sum-function
position; displacement
vector

radiation potential

finite difference of the
radiation potential 7;
radial distance from an



axis; cylinder-radius

sphere-radius

o variable of the modified
Bessel functions

Ra Rayleigh number

Ray  Rayleigh number for the

~

Earth’s mantle

S set of Markov chain
states

Sa negative sum-function

SI International System of
Units

s second

s space

s=Ah drawdown = difference of
rheomechanical
(hydraulic) head

s real part of a complex
variable

sin sine

sinh  hyperbolic sine

T tesla unit of magnetic
flux energy

T temperature

7=AT finite difference of
temperature AT from the

initial state
7(t)  function of ¢

t time

to initial time

te final time

t elementary interval of
time

t-t delay

u conductive velocity

u variable w?/4t = ¥*/(4a-t) of
the exponential integral
function Ei

u variable 4t/w’ = 4a-t/r’ of

the function @
UK  United Kingdom
US United States

USA

40,

SERAR

Wb

WWwl1
ww2

Ax)

United States of America
volt unit of potential
difference of electricity
volume

volume variable in time
convective velocity;
velocity field

linear speed

electric potential

(Latin videlicet) namely
watt unit of power

work done by a force and
a torque

weber unit of magnetic
flux

First World War

Second World War
position > 0

function of x

distance perpendicular
on yz-plane; co-
ordinate; variable

Bessel function of second
kind

distance perpendicular
on zx-plane; variable; co-
ordinate

function

complex conjugate
function Z

distance perpendicular
on xy-plane; height; co-
ordinate

thermal diffusivity; index
symbol; integer number
thermal expansion
coefficient; variable in
Poison’s integral
formula; index

symbol; integer number
number of degrees of
freedom



H

A o =

s

Euler’s gamma function
Euler’s constant

Dirac delta function
average density of
energy

net energy

constant; parameter;
variable used in modified
Bessel function of the
second kind

potential (intensive
quantity)

rotational angle
azimuth/latitude angle
basic coefficient of
conductivity

coefficient of the local
derivative of potential
difference; displacement;
finite distance increment
such as Ax, Ay
parameter; variable for
the differential operator L
delay index

dynamic viscosity
kinetic viscosity

effect of change in a
process coexisting but
not interfering with
other processes

variable; displacement in
Fourier transform;
element of a basis

&1,&, .. )basis

p
Po
Pa

density of matter
reference density

density of salt dissolved
in water

density of extensive

quantity (capacity);
storativity of a

odV

D

X QS Q<

YI*

¥,

permeable layer (e.g. an
aquifer)

capacity (extensive
quantity)

storativity of a
semipermeable layer (e.g.
an aquitard)

time ¢ minus delay (7-1);
time increment; finite
interval of time A¢

torque (moment of a
force)

multiplying factor
function represented by
an integral

arbitrary function
longitude angle

variable of interest;
difference of capacity
density 02-0]

molecular orbital wave-
function; function
complex conjugate of
molecular orbital wave-
function; transformed of
¥ or of the other function
effect of change in a
process interfering with
other processes

function representing the
difference potential #,-7;,
Laplace transform of the
function y=#;z-#;
Fourier transform of the
function y=#:-7

proper function in
generalised Fourier series
Fourier sine transform
ohm unit of electrical
resistance

boundary
angularvelocity; vorticity



o/ot

0/0u
o/or
0/0F
Oy/0t

0/00

> 2| l\xx

angular speed; real and
positive variable in
Laplace transform; or
angular frequency
variable in Fourier
transform

differential

local derivative (partial
derivative with respect to
time)

partial derivative with
respectto u=x,y,z
partial derivative with
respect to cylinder-radius
partial derivative with
respect to sphere-radius
local derivative of
potential difference
local derivative with
respect to rotational
angle

absolute value
determinant

plus

minus

plus or minus

minus or plus

multiply by

dot product
multiplication sign
cross (vector) product
divide by

approaches the limit;
maps to, tends to
implies

square root

finite difference;
increment

sum, summation
product
pi=3.14159...

integral

10

X

S

~

# C A ~INIVAV LI IR

8 =
e

factorial

per cent, percentage or
part per hundred

part per thousand

is equal to

is identically equal to

is approximately equal to
is greater than

is less than

is greater than or equal to
is less than or equal to
set

scalar product
union, union of
Borel’s convolution
product
dimensionless
infinity







